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Abstract. In this paper it is shown that every generalized Kuhn—-Tucker point of a vector
optimization problem involving locally Lipschitz functions is a weakly efficient point if and
only if this problem is KT-pseudoinvex in a suitable sense. Under a closedness assumption (in
particular, under a regularity condition of the constraint functions) it is pointed out that in this
result the notion of generalized Kuhn—Tucker point can be replaced by the usual notion of
Kuhn-Tucker point. Some earlier results in (Martin (1985), Journal of Optimization Theory
and Applications 47, 65-76; Osuna-Gomez et al. (1999), Journal of Mathematical Analysis
and Applications 233, 205-220; Osuna-Goémez et al. (1998), Journal of Optimization Theory and
Applications 98, 651-661, Phuong et al. (1995), Journal of Optimization Theory and Applica-
tions 87, 579-594) are included as special cases of ours. The paper also contains character-
izations of HC-invexity and KT-invexity properties which are sufficient conditions for
KT-pseudoinvexity property of nonsmooth problems.
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1. Introduction

Let f and g (i=1,2,...,m) be differentiable functions defined on an
Euclidean space R". Consider the following Mathematical Programming
Problem (P)
min  f(x) (L.1)
subject to x € S:={u:gi(u) <0 (i=12,...,m}. (1.2)
Here and in the sequel the notation a < b for real numbers a and » means
that « is less than or equal to . Let xo € S and

Io:=1(x0) = {i:gi(xo) = 0}. (1.3)

Hanson [6] was the first who showed that under a generalized convexity
requirement, later called invexity, every Kuhn-Tucker point is a minimizer
of (P). Recall [6] that f and g; (i € I;) are invex on S at x, if there is a
map #:S — R" such that for all x € S
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fx) = fixo) = £ (n(x)),
gi(x) — gi(x0) = g, (n(x)) (i € ko),

where fY(: and g denote the Fréchet derivatives of fand g; at x,, respec-
tively. In this case, Martin [9] said that Problem (P) is HC-invex on S at x,.
Thus, every Kuhn—-Tucker point is a minimizer if Problem (P) is HC-invex
at this point. Martin [9] remarked that the converse is not true in general,
and he proposed a weaker notion, called KT-invexity, which assures that
every Kuhn—Tucker point is a minimizer of Problem (P) if and only if Prob-
lem (P) is KT-invex. In [11, 12] this result was established for a vector opti-
mization problem with differentiable data. In this paper, we shall extend
this property to a vector optimization problem involving locally Lipschitz
functions. The case where S is an arbitrary subset which may not be given
by inequality constraints (1.2) is also considered. Our obtained extensions
are useful since many problems often encountered in economics, engineering
design ... can be described only by locally Lipschitz functions (see [3]). The
main tools we use are nonsmooth versions of the corresponding HC-invexi-
ty, KT-invexity and KT-pseudoinvexity notions for differentiable programs
[6, 9, 11, 12]. Nonsmooth invexity is introduced by Craven [4] and is used
in [15] to prove the converse Kuhn—-Tucker condition for locally Lipschitz
programs. Observe [7, 8] that the invexity with nontrivial kernel n for the
objective function and the constraint functions can be seen as a necessary
optimality condition for Problem (P) with differentiable data.

In this paper, we consider a generalized Kuhn—Tucker point of a vector
optimization problem involving locally Lipschitz functions, weakly efficient
solutions of the problem and KT-pseudoinvexity of the problem, and show
that the generalized Kuhn—Tucker point of the problem is a weakly effi-
cient solution if and only if the problem is KT-pseudoinvex. Under a clo-
sedness assumption, it is shown that in the just mentioned result the notion
of generalized Kuhn—-Tucker point can be replaced by the usual notion of
Kuhn—Tucker point. The KT-pseudoinvexity is a generalization of HC-in-
vexity and KT-invexity. We give stronger characterizations for the problem
to be KT-invex or HC-invex by using the scalarization of its objective
functions or its Lagrange functions. Furthermore, we define a generalized
stationary point of a vector optimization problem with a ‘“‘geometric”’ con-
straint set by using the Clarke normal cone, and show that the generalized
stationary point of the problem is a weakly efficient solution if and only if
the problem is KT-pseudoinvex.

The organization of this paper is as follows. Section 2 gives definitions
of HC-invexity, KT-invexity and KT-pseudoinvexity properties of a non-
smooth problem of vector optimization, and shows that the last two
invexity properties coincide in the case of scalar optimization. Section 3
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recalls some criteria of consistency of convex inequalities which are needed
in the subsequent sections. Section 4 contains extensions of results of [9,
11, 12] to a vector optimization problem where S is given by a system of
nonsmooth inequalities. Section 5 considers a problem with a “geometric”
constraint set S.

2. Preliminaries

Let 4 be an arbitrary nonempty subset of an Euclidean space R". We say
that 4 is a convex cone if la€e A for all 1 =20, ae A4 and if
aa; + (1 —a)ay € A for all ay € 4, ap € A and « € [0,1]. We denote by
co A (resp. cl A) the convex hull (resp. the closure) of A. The cone gener-
ated by A4 is denoted by cone 4:

cone A:={la:2 = 0, ac A}.

For simplicity of notation we write cl cone 4 and cl cone co 4 instead of
cl (coneAd) and cl [ cone (co A)| respectively.

Let d4(x) be the distance from x to 4 C R". Given a sequence of subsets
A CR' (I=1,2,...) we write x € lim[ii}fo A if dy(x) — 0 as [ — oo. If
A; (I=1,2,...) are real numbers then xelimli_r}(fo A; means that |4,—
x| — 0 (I — o0). Thus, for a sequence of real numbers 4; if lim inf A; is
understood in the usual sense then lim llilfc A; may be an empty set while
lim inf A; does exist.

I—00

For vectors x = (x1,x2,...,x,) € R" and ¢=(&,&,...,¢&,) € R" we
write x = & (resp. x < &; x < §) if the equalities x; = ¢&; (resp. the inequali-
ties x; < &5 x; < &) hold for all i=1,2,...,n. We write x <& if the
inequalities x; < ¢; hold for all i =1,2,...,n, and if at least one of these
inequalities is strict.

We denote by (x,&) the scalar product of x and &: (x,&) =37, x:&.
The symbol (x, 4) is defined as the set {(x,¢) : & € A}.

Let f'= (fi,/2,.-../p) and g = (1,82, ...,8m) be locally Lipschitz vector-
valued maps defined on R". We write

f()(x()v ) = (flo(X(), ')7f20(x07 ')7 S 7fpo<x0a ))7

Of(x0) = df1(x0) x dfa(xo) X -+ x 0fy(x0),
where ];.O(xo, -) and Ofj(xo), introduced in [3], are Clarke directional deriva-
tive and subdifferential of f; at xo. We denote by T4(x9) and N4(xo) the

Clarke tangent cone and the Clarke normal cone of 4 C R" at xy € 4.
Recall [3] that

T4(x0) = {x:d(xo,x) =0}, (2.1)
Na(xo) ={&: (&, x) =0 Vxe Ty(xo)} =cl cone ddy(xp), (2.2)
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where d(xp;) and 0d4(xo) stand for the Clarke directional derivative and
Clarke subdifferential of the distance function d(-) at xy.
Consider the following Vector Optimization Problem (VOP)

min  f{x) (2.3)
subject to  g(x) < 0. (2.4)

Let S={x:g(x) =0} ie. S={x:g(x) =0(=1,2,...,m)}. A point
xo € S is called a weakly efficient point of Problem (VOP) if for any point
x € S the following condition does not hold:

S(x) < flxo). (2.5)

Necessary condition for xy € S to be a weakly efficient point is established
in [3]. Under some regularity assumption a weakly efficient point must be a
Kuhn—Tucker point. Before formulating the definition of a Kuhn-Tucker
point let us denote by (y;),; a vector with components y; (j € J) and
(4i)ies, @ vector with components 4; (i € Iy) where J={1,2,...,p} and I,
is defined by (1.3).

DEFINITION 2.1. A point xo € S is a Kuhn-Tucker point of Problem
(VOP) if there are vectors p:=(p;),c; >0 and A:=(4;),;, = 0 such that

0€ H(u,2,x0), (2.6)
where
H(u, A, x0) = Z 1; 0f;(x0) + Z 2:0gi(x0). (2.7)
JjeJ icly

Observe that (2.6) means that there are points ¢; € 9fi(xo) (j € J) and
b; € 9gi(xo) (i € 1) such that
0=> e+ Y ibi.
jeJ iely
Let us introduce the following condition (CQ) at xo € S: if Iy # () then
0¢& co U@g,-(xo). (2.8)
icly
From Theorem 6.1.3 of [3] it follows that if x( is a weakly efficient point
of (VOP) then under condition (CQ) at least one of the Lagrange multipli-
ers associated to the objective functions of (VOP) is nonzero.

DEFINITION 2.2. Problem (VOP) is HC-invex on S at xq if f; (j € J) and
gi (i € Ip) are invex on S at x( in the sense of Craven [4]: there is a map
n : S — R" such that for all x € S

fi(x) = filxo) = £ (xo,m(x)) (€ J), (2.9)

gi(x) — &i(x0) z & (xo,n(x)) (i€ hy). (2.10)
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DEFINITION 2.3. Problem (VOP) is KT-invex on § at xy if there is a map
n:S — R" such that for all x € S

fi(x) = filxo) = [P (x0,n(x))  (j€J), (2.11)
—gi(x0) = g?(xo,n(x)) (i€ ). (2.12)

DEFINITION 24. Problem (VOP) is KT-pseudoinvex on S at x; if there is
amap 7:S — R" such that forall x € §

0> f(x0, (x)) (j€J), (2.13)
fo) <fo) - = {o = W on(x) (e ). (2.14)

DEFINITION 2.5. Problem (VOP) is KT-pseudoinvex if for all xy € S it is
KT-pseudoinvex on S at xg. Similarly for HC-invexity and KT-invexity
properties of Problem (VOP).

Relationships between the above notions of invexity are given by

PROPOSITION 2.1.

1. For any Problem (VOP) and any point xy € S,
HC-invexity on S at xo = KT-invexity on S at xo = KT-pseudoinvexi-
ty on S at xy.

2. For any Problem (P) (i.e. Problem (VOP) with p=1) and any point
xo € S, KT-invexity on S at xy < KT-pseudoinvexity on S at x.

Proof. The first part of Proposition 2.1 is obvious from the very definitions.
To prove the second one it is enough to show that for the case p =1 the
following implication is true:

KT-pseudoinvexity on S at xo = KT-invexity on S at xy. (2.15)

Indeed, let x € S. If f(x) = f(xo) then (2.11) and (2.12) are satisfied, with
n(x) = 0. If f{x) < f(xo) then by assumption there is a point 7(x) satisfying
(2.13) and (2.14). Since yf°(xo, n(x)) — —oo as y — +oo, we can take y > 0
such that

Jx) = flxo) = 9 (x0,n(x)) = £ (x0, yn(x))
On the other hand, we have from (2.14)
—gi(x0) = 0 Z yg] (x0,1(x)) = g (x0,7(x)) (i € Lo).

Therefore, (2.11) and (2.12) are satisfied, with y5(x) instead of n(x). Impli-
cation (2.15) is thus established. O
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REMARK 2.1. Implication (2.15) is no longer true in case p > 1. In other
words, the equivalence formulated in the second part of Proposition 2.1
fails to hold if p > 1. This is shown by Example 4.3 of Section 4 (see also
Example 3.5 of [17]).

In this paper Problem (VOP) is called differentiable if all functions f;
and g; are Fréchet differentiable. (Observe that in such a problem functions
J; and g; may not be locally Lipschitz, except for the case where they are
continuously Fréchet differentiable.) When dealing with differentiable prob-
lems we shall use the Fréchet derivatives £ and g; of f; and g at xo
instead of the Clarke subdifferentials 0f;(xy) and 0gi(xo). We also observe
that in this case, for all x € R", we shall use f;; (x) and g, (x) in place of
£ (x0,x) and gf(xo, x). Thus, for the differentiable case Definitions 2.2 and
2.4 reduce to the known properties of HC-invexity [9] and KT-pseudoin-
vexity [11]. Observe that even in the differentiable case KT-invexity in Defi-
nition 2.3 does not coincide with KT-invexity defined in [11] since in [11]
(2.11) is replaced by f(x) —f(xo0)=fy (n(x)). The KT-invexity in [12] is
renamed as KT-pseudoinvexity in [11].

3. Consistency of Convex Inequalities

In this section we give two propositions on the consistency of systems of
convex inequalities which will be used in the subsequent sections.
Let

J:{1727""p}7
I1=1{1,2,... k}.

Given nonempty compact convex sets C; (j€J) and B; (i € I) in R", we
define

Y;(€) = max (¢, <),

ceC
(&) = max (b, )

bEB[

and consider the consistency of the following system of inequalities of vari-
able £ € R"

¥(¢) <0, (3.1)

p(&) <0, (3.2)

where i (resp. @) denotes the vector with components ; (resp. ¢,).
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PROPOSITION 3.1. System (3.1), (3.2) has a solution if and only if
0¢ co U Cj +cl cone co UB,-. (3.3)
jer iel
Proof. We see that
(33) < [-co UC]} Ncl cone co UBl' =0
jeJ iel
< (by a separation theorem) 3¢ € R" such that(v, &) < 0 and
(w, &) < 0forallve coUCj and w € cl cone co UBi'
jeJ icl
Thus the conclusion of Proposition 3.1 is true. O

Now let o = (o1, 00,...,%,) and f = (B, f,, ..., Pi). Consider the follow-
ing nonhomogeneous system of inequalities of variable ¢ € R”

¥(&) = o (3.4)
o(&) = B. 3.5
Let
C/ = Cix {~o} CR" xR,
B' = B;x {-p;} C R" x R.

The following result is an easy consequence of Proposition 3.1.

PROPOSITION 3.2. System (3.4), (3.5) has a solution if and only if

(0,1) & cl cone co {U ¢/, UB/}

jel icl
where O denotes the origin of R".

In the next section, for every point xp € S we set I= I(xy) = I,
C; = 0fi(xo) and B, = dgi(xo). Hence by [3] (&) = f2(x0,¢) and ¢,(¢) =
g (x0, &) ((eR").

4. Vector Optimization Problem with Inequality Constraints

In this section, unless otherwise specified we shall assume that f and g are
locally Lipschitz vector-valued maps and S is given by (1.2).
Let xo € S and ¢t € R. Consider the following subsets of R" x R:

Di(xo, 1) = | J [0fi(x0) x {1}],

jes

Ds(x0,0) = | [0gi(x0) x {0}],

i€l
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D(xo, 1) = Di(xo, 1) | D2(x0,0).
Recall that 7y = I(x) is defined by (1.3). We begin by a technical lemma.

LEMMA 4.1. The following statements are equivalent:

(a) For some t #0 cone co D(xo, 1) is closed.
(b) For all ¥ #0 cone co D(xo, ) is closed.

Proof. Obviously (b) = (a). To prove the converse implication let us
observe that

(&,7) € cone co D(xp,7) < (& t7'r) € cone co D(xy, 1),
(¢,7) € cl cone co D(xy, ) < (&t/7'r) € cl cone co D(xo, ).

On the other hand, by assumption (a)
cone co D(xo,t) = cl cone co D(x,1).

Therefore, (&,r) € cl cone co D(xy,7) < (&, r) € cone co D(xo, ).
Thus cone co D(xy,?') is closed. O

A sufficient condition for the closedness of cone co D(xy, ?) is given by

LEMMA 42. If condition (CQ) holds then for all t # 0 cone co D(xy,1?) is
closed.

Proof. Our desired conclusion is proved if 0 ¢ co D(xo, ) since in this case
cone co D(xo, ) is a closed set (see [16, Corollary 9.6.1]). Assume to the
contrary that 0 € co D(xo,7). Then there are nonnegative numbers
t; (j € J) and /; (i € Iy) such that

IZZMJ""Z}W, (4'1)

jeJ icly

0€ D wdfi(xo) + Y Adgilx), (4.2)
jeJ i€ly

0= Z it + Z 4i-0. (4.3)
jeJ i€l

Since ¢ # 0 (4.3) yields w; = 0 (j € J). Hence (4.1) and (4.2) contradict con-
dition (CQ) (see (2.8)). O

REMARK 4.1. If instead of the Lipschitz property of f; and g; we assume
that they are Fréchet differentiable at xy and if in the definition of
Di(xo,t) and D,(xp,0) we replace the subdifferentials Ofj(xo) and 0g;(xo)

by the Fréchet derivatives f ~and g~ then the closedness of
X0 ixo
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cone co D(xo,?) is automatically satisfied for all z € R. This follows from
the fact that the convex cone generated by a finitely many points must be
closed (see [16, Theorem 19.1]). Thus for differentiable problem (VOP) the
sets cone co D(xy,?) are always closed. The same is true for the sets
cone co M(xg,x) and cone co Q(xg,x) to be introduced later.

REMARK 4.2. Condition (CQ) is not a necessary condition for the closed-
ness of cone D(xy, ?).

EXAMPLE 4.1. Consider Problem (VOP) with n =p =m = 1. For x € R,
fi(x) = x and g;(x) = |x|. For xo =0 we have 0f1(x¢) = {1}, Iy = {1} and
0gi(xo) =[-1,+1]. Obviously, condition (CQ) is violated, but
cone co D(xp,1) is closed (and hence, by Lemma 3.1 cone co D(xo,?) is
closed for all ¢ # 0).

The following example proves that Lemma 4.2 may fail to hold without
condition (CQ).

EXAMPLE 4.2. Consider Problem (VOP) with n=2, p=m=1. For
x = (x1,x) € R? let us set fi(x) = x; and gi(x) = (x2 + x2)"/? + x,. Since
in our case p = 1, (VOP) becomes Problem (P) and hence, by Proposition
2.1, (VOP) is KT-pseudoinvex if and only if it is KT-invex. Setting
xo = (0,0) € R*> and using the easily checked equalities 9fi(xo) = {(1,0)}
and g (xo) = {(x1,x2) € R*: x}+ (x; —1)*> < 1} we see that condition
(CQ) does not hold at x, (since 0 € 9g;(xp)) and cone co D(xy,?) is not
closed for all 7 # 0.

DEFINITION 4.1. A point xo € S is a generalized Kuhn-Tucker point of
Problem (VOP) if there is a vector u: = (y;),;=0 such that

0¢ Z,uj@]j(xo) + cl cone co U 0gi(xo). (4.4)

jeJ icly

Obviously, a Kuhn—Tucker point is also a generalized Kuhn—Tucker

point and the converse is true if the set cone co [ J0gi(xo) is closed.
i€l

DEFINITION 4.2. We say that the closedness assumption is satisfied at

xo € S if there is 7 # 0 such that cone co D(xo,) is closed. If this is true

for all xo € S then we simply say that the closedness assumption is satis-
fied.

Let us observe by Lemma 4.2 that condition (CQ) implies the closedness
assumption at xj.
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In [18] Treiman introduced a qualification condition for closed subsets
A;CR" (i=1,2,...,m') at xo € (., A4; by requiring that the set-valued
map

ml

v=(01,02,...,0m) € R"—D(v) = ﬂ(A,- +v;)
i=1
is pseudo-Lipschitz [1] at (0,xp). We shall prove that this Treiman condi-
tion, applied to the sets

Ai={x:gi(x) £ 0} (i=1,2,...,m),

is more general than our condition (CQ); however, unlike condition (CQ),
it does not assure the validity of the closedness assumption at xy. Indeed,
it is known from [18, Prop. 3.3] that the Treiman qualification condition at
X 1s characterized by the following condition:

a;€Ng(xo) (i=1,2,....m), ) a;=0| = a;=0 (i=1,2,....m),
i1

where N 4,(x0) denotes the Mordukhovich normal cone of 4; at xy (see
[10]).

Without loss of generality we may assume that
Iy =1I(x0) ={1,2,...,m'} (m" < m). Then condition (CQ) implies that
0 & 0gi(xo) (i=1,2,...,m'); hence, by Corollary 1 of Theorem 2.4.7 of [3]

N4,(x0) C cone 0g;(xo).

Since by [10] the Mordukhovich normal cone is a subset of the Clarke nor-
mal cone, we derive from the just written inclusion that, for each
a; € N4,(xo), there exists 4; = 0 with a; € 4,0g:(x¢). Using this fact we eas-
ily check that (2.8) implies the above characterization of the Treiman quali-
fication condition. Thus

condition (CQ) at xo = Treiman qualification condition at x.

The converse of this implication is no longer true. To see this, assume that
m =1, i.e. g is a scalar function. Then the Treiman qualification condition
holds automatically (see [18, p. 1320]), while our condition (CQ) requires
that 0 ¢ 0g(x¢) (i.e. condition (CQ) holds not automatically). Example 4.2
illustrates that the Treiman qualification condition holds (since m = 1) but
it does not imply the closedness assumption at xo. This example also
proves that the constraint qualification given in [2, p. 2424] is not sufficient
for the validity of our closedness assumption.

To conclude the discussion on links between condition (CQ) and con-
straint qualification conditions of [2, 18], we restrict ourselves to optimiza-
tion problems with inequality constraints only, and we observe that usually
a constraint qualification is understood as a condition under which the
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Lagrange multipliers associated to the objective functions of (scalar or)
multiobjective optimization problems are not all zero. In this classical
sense, condition (CQ) is a constraint qualification, while the above men-
tioned conditions of both [2, 18] are not.

Let us mention the following result showing that under the closedness
assumption the notions of Kuhn—Tucker points and generalized Kuhn—
Tucker points are equivalent.

LEMMA 4.3. Let the closedness assumption be satisfied at xy. Then xq is a
Kuhn—Tucker point if and only if it is a generalized Kuhn—Tucker point.

Proof. It is enough to establish the sufficiency part of Lemma 4.3. Indeed,
if xo is a generalized Kuhn-Tucker point then there are points
¢j € 9fi(xo) (j €J), vector (u),;=0 and sequences (if)ielo >0, bl e og;
(x0) (/=1,2,...) such that

Zujcj + Z/Lfbf —0

jeJ icly
as [ — oo. Setting 1 = Zje, t; > 0, we derive that

Z,u,cj, —i—Z — (0,1),

jeJ icly

i.e. (0,7) € cl cone co D(xp,?). By Lemma 4.1 the closedness assumption at
Xxo implies the closedness of cone co D(xg,#) for all 7 #0. Since
t # 0, cone co D(xg,t) is closed. Thus (0,7) € cone co D(xo,t), proving
that x( is a Kuhn-Tucker point. O

We are now in a position to formulate

THEOREM 4.1. Consider the following statements:

(a) Problem (VOP) is KT-pseudoinvex on S at xy.

(b) If x¢ is a generalized Kuhn—Tucker point then xq is a weakly efficient
point.

() If xo is a Kuhn—Tucker point then xg is a weakly efficient point.

Then (a) < (b). If, in addition, the closedness assumption is satisfied at x
(in particular, if condition (CQ) holds at x) then all three above statements
are equivalent.

Proof. It is enough to prove the first conclusion of Theorem 4.1. The sec-
ond conclusion is a consequence of the first one and Lemma 4.3,

(a) = (b). Assume to the contrary that there is a vector u= (y;);c; > 0
such that (4.4) is satisfied, but xg is not a weakly efficient point i.e. (2.5) is
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satisfied for some x € S. By the KT-pseudoinvexity property there is 7(x)
satisfying (2.13) and (2.14). On the other hand, (4.4) shows that there are
points ¢; € Ofi(xg) and sequences (/lf)ie,o >0, bl edgi(x) (I=1,2,..)
such that
= ey =lim Y bl (4.5)
jeJ =T
Making use of (2.13) and (2.14) we obtain

0> wien(x)) (4.6)
jeJ

02 ) Abhn(x) (I=1,2,..). (4.7)
icly

Letting / — oo in (4.7) and taking (4.5) into account we get
0= —> wlenx),
=
a contradiction to (4.6).
(b) = (a) If

0€co U 9f;(xo) + cl cone co U 0gi(xo) (4.8)

_fEJ icly

then by statement (b) there is no x € S satisfying (2.5). Thus in this case
the KT-pseudoinvexity property is satisfied. If (4.8) does not hold then by
Proposition 3.1 system

fP(x0,8) <0 (jeld), (4.9)
g(x0,&) £0 (i€l (4.10)

has a solution ¢&. If we set 5(x) = & for all x satisfying (2.5) then (2.13) and
(2.14) hold. O

REMARK 4.3. We have seen in the proof of Theorem 4.1 that the second
conclusion of this theorem is obtained by combining the first one and
Lemma 4.3. It is worth noticing that this result can be derived by using
(the first conclusion of Theorem 4.1 and) Proposition 3.2 instead of
Lemma 4.3. Indeed, since the implication (b) = (c) is obvious, it is enough
to show that (c) = (a). Assume to the contrary that (2.5) holds for some
x € S but system (4.9), (4.10) has no solution. Observe that the inconsis-
tency of system (4.9), (4.10) implies the inconsistency of system

f}o('x()v 6) t, (] € '])7
g?(xo, &) 0 (i€l),

lIA

[IA
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where

¢ := min [ f;(x) — fi(x0)] < 0.

=y
Hence by Proposition 3.2 and Lemma 4.1
(0,1) € cl cone co D(xg,—1") = cone co D(xg, —1').

Thus there are vectors u = 0 and 4 = 0 such that (2.6) is satisfied and

I==> wi—=> 40

jeJ i€l

Since 7/ < 0 the last equality shows that u # 0. By statement (¢) xq is a
weakly efficient point. This contradicts (2.5).

We now give some examples.

EXAMPLE 4.3. Consider Problem (VOP) with n=p =2 and m = 1. For
x=(x1,x) € R? define fi(x) =x1 +x1x2, fo(x) = x; +x2 — x;x, and
gi(x)=(2+x)"?+x,. It is easily seen that S={(xj,x;)€ R%:
x1=0, x, £ 0} and CO[UiZl_zafi(X())] = {(xl,X2) € R%: x1=1, xp € [0, 1}}
where xo: = (0,0) € R>. Making use of the formulae of Og;(xy) given in
Example 4.2 we can check that

o [ U oix0)

i=1,2

ﬂcone dg1(x0) = 0,

—co [ U af,-(xo)] ﬂcl cone 0g;(xo) = {(—1,0)}.

i=1,2

The first of these conditions shows that x, is not a Kuhn-Tucker point,
and the second proves that x is a generalized Kuhn-Tucker point. It is
easy to see that xg is a weakly efficient point and (VOP) is KT-pseudoinvex
at xg. Observe that (VOP) is not KT-invex at x;. Indeed, for
x = (0,—1) € S we cannot find n(x) satisfying system (2.11), (2.12).

EXAMPLE 44. Consider Problem (VOP) with n=p =2 and m = 1. For
x = (x1,x2) € R? define [i(x) = x1+ x2, folx) =x1 —x2 and
g1(x) = x1 + x;x2. Observe that in our case (VOP) is KT-pseudoinvex at
xo:=(0,0) € R?> and X, is not a weakly efficient point. Hence by Theorem
4.1 xp is not a generalized Kuhn—Tucker point.

As a consequence of Theorem 4.1 we obtain
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THEOREM 4.1'. (a) Every generalized Kuhn—Tucker point is a weakly efficient
point of Problem (VOP) if and only if Problem (VOP) is KT-pseudoinvex.

(b) Under the closedness assumption, every Kuhn—Tucker point is a weakly
efficient point of Problem (VOP) if and only if Problem (VOP) is KT-pseudo-
invex.

From Theorem 4.1’ we get the following corollary, the first statement of
which is established in [11, 12] and the second one of which is a generaliza-
tion of Theorem 2.1 of [9] to the nonsmooth case.

COROLLARY 4.1. (a) Every Kuhn—Tucker point is a weakly efficient point
of differentiable Problem (VOP) if and only if Problem (VOP) is KT-pseudo-
invex.

(b) Every generalized Kuhn—Tucker point is a minimizer of Problem (P)
(i.e., Problem (VOP) with p=1) if and only if Problem (P) is KT-invex.
Under the closedness assumption, every Kuhn—Tucker point is a minimizer of
Problem (P) if and only if Problem (P) is KT-invex.

Proof. Statement (a) is obtained from Theorem 4.1’ and Remark 4.1. State-
ment (b) is a consequence of Theorem 4.1" and the remark that a weakly
efficient point of Problem (P) is exactly its global minimizer and the KT-in-
vexity coincides with the KT-pseudoinvexity (see Proposition 2.1). O

Before going further let us give a remark based on Theorem 4.1: to claim
that a generalized Kuhn—Tucker point is a weakly efficient point we must
check the KT-pseudoinvexity property of Problem (VOP). In some cases
checking this property is a difficult task since we must detect a map # satis-
fying Definition 2.4. It is then natural to ask if we can find sufficient condi-
tions for the KT-pseudoinvexity property without knowing # explicitly.
Observe from Proposition 2.1 that HC-invexity and KT-invexity imply
KT-pseudoinvexity. So, to answer the above question it is enough to give
characterizations of HC-invexity and KT-invexity in terms of properties
which are not related to map # mentioned in Definitions 2.2 and 2.3. The
remainder of this section is devoted to these characterizations (see Theo-
rems 4.2 and 4.3).

Let us set

§' ={x € 8:/x) = flxo) # 0},
F(xo,x) = J[0fi(x0) x {fi(x0) —f;(x)}] C R x R,

jeJ
M (x0,X) = F(xo,x)|_J Da(x0,0).
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THEOREM 4.2. Consider the following statements:
(a) Problem (VOP) is KT-invex on S at xy.
O If >0, 2 =20(1=1,2,...) and 0 € lim inf H(u, ', x0) then for all
xesS Feo
lim inf [(4,A(x)) — (', f(x0))] Z 0.

() If u>0, A = 0and 0 € H(u, 4, x0) then for all x € §
<:u’f(x)> = <,LL,f(X0)> :
Then
(a) & (b) = (¢);
(a) & (b) & (¢) if for all x € S’ the set cone co M(xo, x) is closed.

We omit the proof of this theorem, observing that it is established on
the basis of Proposition 3.2 and a modification of the proof of Theorems
4.3 and 4.3’ to be given later.

REMARK 44. If in the definition of KT-invexity we replace (2.11) by the
following stronger condition

fix) = flxo) =1 (x0, 1(x))

then Theorem 4.2 (more exactly, implications (b) = (a) and (c) = (a) in
Theorem 4.2) may fail to hold. The simplest counterexample is the case
where ;=1 (i=1,2,...,p)and g, =0 (i=1,2,...,m).

Before turning to the HC-invexity property let us set

G(xo,x) = [J[8gi(x0) x {gi(x0) — gi(x)}] € R" x R,

icly
O(x0,x) = F(xp, x) U G(x9, x),
h(:uv /l’ X) = Z:u]fj(x) + Z }”igi(x)'

jeJ icly
Recall that H(u, 4, x) is defined by (2.7).

THEOREM 4.3. Consider the following statements:

(a) Problem (VOP) is HC-invex on S at x.
O Iful =20, 2 20(=1,2,...) and 0 € lim inf H(u', X x¢) then for all
xXES Fo0
lim  inf [h(ud, 20, x) — h(i, 2 x0)] = 0. (4.11)

© If Wl >0, 2 =20(=1,2,...) and 0€elim inf H(u, ' xo) then for
all x € S (4.11) is satisfied. Feo
Then

(a) & (b) = (o);
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(a) & (b) < (c) if condition (CQ) holds.

Proof. (a) = (b) Let ¢/ = 0 and 2’ > 0 be sequences such that

0 € lim inf,_o H(', 2 xo).
Then there are sequences ¢ € dfj(xo) (j € J) and b} € dgi(xo) (i € Iy) such
that '

0 = lim q, (4.12)
where
q=> wd+> Ab. (4.13)
jEJ i€l

Let x € S and let (x) be the point appearing in the definition of HC-in-
vexity. Then we have from (4.13)

(', n(x)) = h(u, 2, x) = (i, 2, x0). (4.14)
Taking liminf of both sides of (4.14) and using (4.12) we obtain (4.11), as
required.

(b) = (a) Let x € S. We claim that
(0,1) ¢ cl cone co Q(xy,x), (4.15)

where 0 stands for the origin of R". Indeed, otherwise there are sequences

W20 20 dedfix) (jeJ), bjcdglx) (i€l)

(4.16)
such that (4.12) is satisfied and
1= lim [h(w', 2 x0) — h(p, 2, x)]. (4.17)

This is impossible since by statement (b) the right side of the last equality
is a nonpositive number. Applying Proposition 3.2 yields a point n(x) satis-
fying (2.9), (2.10).

(b) = (¢) Obviously.

(c) = (a) (under condition (CQ)). Let x € S. As in the proof of implica-
tion (b) = (a) it suffices to show the validity of (4.15). Assume to the con-
trary that (4.15) fails to hold. Then there are sequences (4.16) such that
(4.12) and (4.17) are satisfied. We claim that g # 0 for / sufficiently large.
Indeed, otherwise we have from (4.12) and (4.17), by taking a subsequence
if necessary, that

0=lim » b, (4.18)
-0 iele

— 1 [T, _ o

L= lim > Zfgi(x0) — gi(x)]- (4.19)

icly
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From (4.19) it follows that A #0 for [ sufficiently large. So
I _ !
W_EL%@¢0 )

Setting A = 2l/y!, b' = 3., Alb! we have from (4.18)

icly ivi

0 = lim y'p’. (4.20)
[—o0

Since b’ belongs to the set co J;.;, 0gi(xo) which is a compact set not con-
taining the origin of R” we may assume, by taking a subsequence if neces-
sary, that b’ converges to some point b # 0. Therefore, making use of
(4.20) we get

0

iy e T TR TAT
This contradicts (4.19). We have thus proved that p/>0 for / sufficiently
large. But in this case, by statement (c) (4.11) must be satisfied. This con-
tradicts (4.17). O

THEOREM 4.3'. Consider the following statements:

(a) Problem (VOP) is HC-invex on S at x.
b)Y If pt 20, A =2 0and0 € H(u, 2, xo) then for all x € S

h(p, 2, x) = h(p, 2, xo). (4.21)
©) If u=0, A = 0and 0 € H(u, A, x0) then for all x € S (4.21) holds.
Then
(@) = (b) = (o)
(@) < (b) if for all x € S\{xo} the set cone co Q(xy,x) is closed,
(a) < (b)Y < (c) if condition (CQ) holds and if for all x € S\ {xo} the set
cone co Q(xo,x) is closed.

Proof. (a)) = (b)’ Use implication (a) = (b) of Theorem 4.3 and observe
that (b) = (b)'.

(b) = (a)’ (under the extra assumption). Let x € S. If x = x; then (2.9)
and (2.10) are satisfied, with #(x) = 0. In case x # Xy it suffices to show the
validity of (4.15) which in our case means that (0,1) & cone co Q(xo, X).
Indeed, otherwise there are ¢ = 0 and A = 0 such that

0¢€ H(M) /la XO),
1= —[h(u, /17 X) - h(ua iv X())]-
The last equality contradicts (4.21).
(b)Y = (c)’ Obviously.
(¢) = (a) (under the extra assumptions). The proof is similar to that of

implication (b)’ = (a)’. (Observe by condition (CQ) that the above vector
1 must be different from zero.) O
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REMARK 4.5. Results similar to those of Theorems 4.3 and 4.3’ are
obtained in [5, p.8, 9] for a problem with constraints more general than
(2.4). But they are valid only for the differentiable problem of scalar opti-
mization while Theorem 4.3 and 4.3’ are established for nonsmooth prob-
lem of vector optimization.

5. Vector Optimization Problem on an Arbitrary Set

In this section we assume that S is an arbitrary nonempty subset of R”
which may not be given by inequalities (2.4). Consider the following Vector
Optimization Problem (VOP)':

min  f{x)
subject to x € S,

where f'= (f1,/2,...,/p) is a locally Lipschitz vector-valued map. Obvi-
ously, (VOP) is a special case of (VOP) with S being defined by (2.4).
Problem (VOP) where f is Fréchet differentiable and S is open is consid-
ered in [11]. The case when p =1 and f is nonsmooth is investigated in
[14]. We shall see that the corresponding results of [11, Theorem 2.5] and
[14, Theorem 4.1] are included in our Theorem 5.1 as special cases. We
begin by the following definition.

DEFINITION 5.1. A point xy € S is a generalized stationary point of Pro-
blem (VOP) if

0€ co | JOfi(xo) + Ns(xo). (5.1)

jeJ

DEFINITION 5.2. Problem (VOP)" is KT-pseudoinvex on S at Xy if there is
a map n:S — Ts(xo) such that

xes, flx) <flx) = 0>f(x0,n(x)). (5:2)

Problem (VOP) is KT-pseudoinvex if it is KT -pseudoinvex on S at any
point xp € S.

The notion of a weakly efficient point xy € S of Problem (VOP)' is defined
as in the case of Problem (VOP): for all x € S condition (2.5) does not hold.
We are now in a position to formulate

THEOREM 5.1. Every generalized stationary point is a weakly efficient point
of Problem (VOP) if and only if Problem (VOP) is KT-pseudoinvex.

Proof. Sufficiency. Assume that Problem (VOP) is KT-pseudoinvex. We
have to show that any point x, € S satisfying (5.1) must be a weakly effi-
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cient point. Indeed, otherwise there is x € S such that f{x) < f(xp). This
implies by Definition 5.2 that (5.2) holds for a suitable point
n(x) € Ts(xo). Let € € colJ,c; 0fi(x0) be such that —¢ € Ns(xo) (see (5.1)).
Then by (2.2) (¢,n(x)) = 0. This contradicts (5.2).

Necessity. Assume that any generalized stationary point is a weakly effi-
cient point of (VOP). Take an arbitrary point xo € S. If x, satisfies (5.1)
then Problem (VOP) is KT-pseudoinvex on S at xj since there is no x €
S such that f{x) < f(xg). If (5.1) does not hold then by (2.2) this means
that

0 ¢ coU@f,'-(xo) + cl cone dds(xo).
jeJ
Making use of Proposition 3.1 we get that system

fo(x()v é) < 07
dg(x0,¢) £ 0 (54)

has a solution £. On the other hand, from the definition of dg we obtain
that d2(xp,-) = 0. Combining this with (5.4) yields d2(xo,&) =0 i.e.
& € Ts(xp). Thus by taking n(x) = & € Ts(xo) for all x € S we obtain that
f(x0,1(x)) < 0. In other words, Problem (VOP) is KT-pseudoinvex on S
at xp. O

REMARK 5.1. If S is an open set then Ts(xp) = R" and Ng(xo) = {0} for
all xo € S. From this it follows that Theorem 2.5 of [11] is included as a
special case of our Theorem 5.1 with S being open.

DEFINITION 5.3. Problem (VOP)' is KT-invex on S at xy if there is a map
n:S — Ts(xo) such that for all x € S

Jix) = flxo) Z £ (x0,1(x))-

Problem (VOP) is KT-invex if it is KT-invex on S at any point xy € S.
Arguing as in the proof Proposition 2.1 we obtain

PROPOSITION 5.1. For any Problem (VOP) and any point xo € S
KT-invexity on S at xo = KT-pseudoinvexity on S at xy.
The converse is true for Problem (P)' (i.e. Problem (VOP) with p = 1).
As a direct consequence of Theorem 5.1 and Proposition 5.1 we get the

following result of [14, Theorem 4.1] where the term ‘‘stationary point” is
used instead of ‘““generalized stationary point™.
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COROLLARY 5.1. Every generalized stationary point of Problem (P)' is a
minimizer of (P)" if and only if Problem (P)' is KT-invex.

We refer the reader to [13] for an invexity notion for non-Lipschitz func-
tions which is introduced on the basis of a property of stationary points
similar to that given in Corollary 5.1. In [13] stationary points are defined
in terms of circa-subdifferentials which coincide with Clarke subdifferen-
tials in Lipschitz case.

To conclude this section let us note that a result similar to Theorem 4.2
can be formulated for Problem (VOP) with the help of dds(xo).
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